In this paper, we present a generalization of a combinatorial lemma we stated and proved in a recent work. Then we apply the generalized lemma to prove: (1) a theorem on the existence of a zero for an excess demand mapping, (2) the existence of a continuum of zeros for a parameterized excess demand mapping, (3) Sperner's lemma on labelings of triangulations. Proofs of these results are constructive: they contain algorithms (based on the combinatorial lemma) for the computation of objects of interest or, at least, of their approximations. Primary 91B02 ; secondary 91B50; 54H25
Introduction
In the paper [], we stated and proved a combinatorial lemma with the help of which we then showed the existence of a zero for an excess demand functions and Brouwer's fixed point theorem. We also stated some open problems in the referred paper. The current work answers some of these questions.
First, we prove a generalization of the combinatorial lemma presented in [] . Then we apply it to prove the existence of an equilibrium price vector for an excess demand mapping (Lemma  and Theorem ). Next, we apply our combinatorial lemma to prove the existence of a continuum of zeros for a parameterized excess demand mapping (Theorem ). Then we derive Sperner's lemma (Theorem ) from our combinatorial result.
Let us emphasize the fact that the combinatorial Lemma  allows us to get algorithms for finding (approximations of ) objects whose existence is claimed in Theorems  and  and a simplex enjoying properties stated in Sperner's lemma. Hence, our proofs are not only of existential character, but they enable the computation of objects of interest (or at least their approximations). a In the next section, we set up notation and introduce preliminary notions from combinatorial topology. Then we prove the just mentioned combinatorial lemma (Lemma ) and apply it to get the promised results. The last section comprises some comments.
Preliminaries
Let N denote the set of positive integers, and for any n ∈ N, let R n denote the n-dimensional Euclidean space, and let [n] := {, . . . , n}, [] := ∅, [n]  := {, , . . . , n}, and [n] i := ∅ for i > n. We take on the convention i∈∅ a i = . Moreover, e i is the ith unit vector of the standard basis of R n , where i ∈ [n]. The (vector) inequality x ≥ y (x > y), x, y ∈ R n , means
. In what follows, for n ∈ N, the set n := {x ∈ R n + :
n i= x i = }, where R + is the set of nonnegative real numbers, is the standard (closed) (n -)-simplex, and int n := {x ∈ n : x i > , i ∈ [n]} is its (relative) interior. For a set X ⊂ R n , ∂(X), int X, and conv X denote its boundary (or relative boundary of the closure of X if X is convex), interior (or relative interior if X is convex), and convex hull, respectively. For vectors x, y ∈ R n , their scalar product is xy := Euclidean norm of x ∈ R n is denoted by |x|. For any set A, #A denotes its cardinality, and diam A := sup{|x -y| : x, y ∈ A} is the diameter of the set A. For r > , B r := {x ∈ R n : |x| < r} is the open ball centered at  ∈ R n with radius r. For a multivalued mapping F : A B, where A, B are some sets, F(C) := c∈C F(c) for any set C ⊂ A. For a sequence k q ∈ R, q ∈ N, k q +∞ means that k q diverges to +∞ strictly monotonically as q increases to +∞.
We need some more or less standard definitions and facts from combinatorial topology, which can be found in [] and [] . Let us fix n ∈ N.
-Let v j ∈ R n , j ∈ [k], k ∈ [n + ], be affinely independent. The set σ defined by
. We write it briefly as σ = v j : 
coordinates in the simplex σ is uniquely determined. If σ is a k-simplex and we do not order its vertices V (σ ), then it is sometimes convenient to think that the barycentric coordinates of a point p ∈ σ in σ are determined according to the unique function
A is the (k -)-face opposite to the vertex v. Obviously, to each vertex v, there corresponds a unique (k -)-face opposite to v.
is called a triangulation of S if it meets the following conditions:
The collection of all vertices of simplices in T(S) is denoted by V (T(S)). If there is no ambiguity, then we write T instead of T(S).
, is a (k -)-face for exactly two different simplices in the triangulation, provided that the (k -)-face is not contained in ∂(S).
where m is a positive integer, b is the collection of all (n -)-simplices σ of the form
. . , p n ∈ S satisfy the following conditions:
() the barycentric coordinate α
, and the set of all
any ε >  and for a sufficiently large m, each simplex in K m (S) has the diameter not greater than ε. Moreover, the vertex v n belongs to exactly one simplex in K m (S).
We shall also need a variant of a result by Kuratowski [] , Theorem ..: 
is compact and connected in X. Moreover, g ∈ .
Proof
It is obvious that g ∈ . Let us assume that g
By the Bolzano-Weierstrass theorem we may assume that γ := lim k→+∞ γ k exists in X.
Since γ k ∈ , by the definition of we get that, for each k, there exist sequences k q ∈ N, 
To show that is connected, it suffices to demonstrate that ∩ A = ∅. Let us now fix a point x ∈ and assume that x ∈ A . Since A is open, there exists ε >  with x + B ε ⊂ A . The last inclusion implies that for any sequence converging to x, almost all its terms belong to A . From this, the fact that G q ⊂ A, q ∈ N, and the disjointness of A from A it follows that x / ∈ . Thus, ∩ A = ∅. 
But lim q→+∞ h q = g, and thus x = g. Consequently, x ∈ , which ends the proof.
The combinatorial lemma and its applications
The result which is common for our proofs of the existence of zeros for excess demand mappings, continuum of zeros for parameterized excess demand mappings, and for a proof of Sperner's lemma is the following combinatorial Lemma , which generalizes the combinatorial lemma presented in [] .
be a triangulation of S, and let V := V (T) denote the set of all vertices of simplices in T .
Suppose that there exists exactly one simplex σ ∈ T such that v n ∈ σ . Assume also that
 be a function satisfying for all p ∈ V the following conditions: 
, the vector of barycentric coordinates of the vertex p j , is of the form
The equality α S i (p j ) =  implies l(p j ) = i, and therefore, due to the facts that α
. From this we get that there exists exactly one
So we can find a simplex
, and if  ∈ l(σ  ), then the process is complete, if not, then proceeding as before, we can find a simplex σ  ∈ T\{σ  , σ  , σ  } and so on. e Suppose that we have constructed the sequence σ  , . . . , σ J . 
The existence of equilibrium
Definition  Let us fix n ∈ N. We say that a mapping z : int n R n is an excess demand mapping if it satisfies the following conditions: . z is upper semicontinuous on int n with nonempty convex and compact values z(p),
. z is bounded from below: there exists a negative number L such that
Lemma  Let z be an excess demand mapping. Then
. for ε  , ε  for which claim  and its premises hold, there exists ∈ (, +∞) such that,
Proof Suppose that the left-hand side implication in claim  is not true. Then there exist i ∈ [n] and sequences Statement  is true since the restriction of the mapping z to the (compact) set {p ∈ int n : 
Without loss of generality, we assume that i q = , q ∈ N. The boundary condition now implies that lim q→+∞ y q  = +∞. Since  -p q n ≥ ε  , q ∈ N, and z is bounded from below by the constant L, we obtain that (-p p n ≤  -ε  . Observe that for fixed ε  and ε  for which the first implication in claim  holds, it follows that if p ∈ int
and by the first implication of assertion  we get ( -
Let now ε  , ε  be as in claim  and suppose that claim  is false. Thus, there exist se-
By the boundary and lower boundedness conditions on z, the boundedness of the standard simplex, and by the upper semicontinuity of z and compactness of its values, from the sequences p q , y q , q ∈ N, we can extract subsequences converging to p ∈ int n and y ∈ z(p), respectively. But then
By the contradictory assumption we get ( -p n )y i + p n y n ≤ , which is impossible due to the choice of ε  and ε  .
We are in position to prove the first consequence of the combinatorial Lemma .
Lemma  Let z be an excess demand mapping. For each ε > , there exist p ∈ int n and
Proof Fix ε > . The claim is trivial for n = , so assume that n ≥ . To ease the reading, we divide the proof into four parts. Part : A restriction of the mapping z to a simplex S ⊂ int n . Let us fix ε  for which the assertion of Lemma , statement  is satisfied. Let ε  correspond to ε  := ε  / according to Lemma , statement . Finally, suppose that U fulfills Lemma , statement  for ε  = ε  and corresponds to ε  (= ε  /) and ε  as in Lemma , statement . Notice that  -ε  <  -
Without loss of generality, we can assume that ε  is so small that the vectors
are linearly independent. Let now S := v i : i ∈ [n] , and let α
obvious that S ⊂ int n , the set S is an (n -)-simplex with the vertices v i , i ∈ [n], and 
where p ∈ S, and σ is any simplex in T S with p ∈ σ ; it is clear that h(p) is independent of the choice of σ as long as p ∈ σ . For p, p ∈ σ ∈ T S , we have
Further, for any p ∈ σ ∈ T S , we have
where
, and by the choice of m  we have |γ (p, v)| ≤ min{λ/D, ε  /}, v ∈ V (σ ), so by Schwarz's inequality
and hence, for each p ∈ S,
It is an elementary task to check that, for p ∈ S,
Conditions () and () imply that, for p ∈ S, we have
By Lemma , statement  and the choice of m  , h n (p) <  for p ∈ S with p n ≥  -ε  / and h n (p) >  for p ∈ S with p n ≤ ε  /. Further, by Lemma , statement , 
The choice of ε  and the fact that the diameters of simplices in T are sufficiently small guarantee
. The arcwise connectedness of the set
which in view of the construction of vectors h(p), p ∈ S, and the convexity of σ j  , implies that there exists
from which, according to (), we get
To end the proof, notice that v ∈ σ j  ⊂σ j  ∈ K m  (S), and thus
, and there are y ∈ z(p) and x ∈ B ε/ such that h(v) = y + x. We have
The points p ∈ S ⊂ int n and y ∈ z(p) satisfy the assertion. See Figure  .
From Lemma  and its proof we obtain the following.
Theorem  Let z be as in Lemma . There exists an equilibrium point for z.
Proof Observe that the simplex S constructed in Part  of the proof is independent of ε > . Hence, there are points p q ∈ S and y q ∈ z(p q ), satisfying y
The compactness of S allows us to assume that the sequence p q converges to a point p ∈ S.
From the upper semicontinuity of the mapping z and from the compactness of its values we may also assume that the corresponding sequence of points y q ∈ z(p q ) converges to a point y ∈ z(p) with y i ≤ , i ∈ [n]. Since p ∈ S ⊂ int n , y =  (by Walras' law).
A continuum of equilibria for parameterized excess demand mappings
The main result of this section is a version of Browder fixed point theorem for excess demand mappings. 
. there exists a negative number L such that
inf y i ∈ R : y ∈ z(p, t), (p, t) ∈ int n- × [, ] > L, i ∈ [n -].
Then there exists a compact and connected set E
Before we present a proof of Theorem , let us remark that for any t ∈ [, ], the mapping z(·, t) is an excess demand mapping in the sense of Definition . Theorem , assumptions  and  (and the assumption of upper semicontinuity) impose some uniformity conditions on the family of mappings {z(·, t) : t ∈ [, ]}, and we suppose that the claim of Theorem  may not be valid for a nonempty, convex, and compact-valued upper semicontinuous mapping z : int n- × [, ] satisfying Theorem , assumption  and such that each mapping z(·, t) is an excess demand mapping, t ∈ [, ], but either Theorem , assumption  or Theorem , assumption  is not satisfied. However, we were not able to construct an example of such mapping nor to deliver a proof of Theorem  without introducing the just mentioned conditions.
Proof of Theorem  The claim is certainly true for n = , so assume that n ≥ . Let us define the mapping ξ : int
for p ∈ int n . By the assumptions on the mapping z and the construction of ξ , reasoning similarly as in the proof of Lemma  (with ξ in place of z), we deduce that:
(ii) for each ε  ∈ (, /), there exists ε  ∈ (, ε  /] such that for p ∈ int n with p n ≤  -ε  , we have that, for i ∈ [n -] and y ∈ ξ (p),
(iii) for ε  , ε  for which claim (ii) and its premises hold, there exists ∈ (, +∞) such that,
. Remark that for p ∈ int n and y ∈ ξ (p), we have y n = , and thus the inequality ( -p n )y i + • we replace z with ξ , and • we keep in mind that y n =  whenever y belongs to the image of ξ , so that, in consequence, h n (p) = , p ∈ S, we obtain the simplex S, its triangulation T S , and a sequence of consecutively pairwise adjacent (n -)-simplices σ  , . . . , σ J (with no simplex appearing twice in the sequence) in T S joining v n and v  , . . . , v n- and satisfying the following equivalences:
We also have that there exists the first j  ∈ [J] such that p ∈ σ j , j > j  , implies p n ≤ /, and there exists the greatest j ∈ {j  + , . . . , J} such that p ∈ σ j , j ∈ {j  , j  + , . . . , j  -}, implies p n ≥ /. Let
Observe that since the diameter of each simplex in
It is also clear that there are p ∈ σ j  : p n = / and p ∈ σ j  : p n = /. Moreover, for any j , j ∈ [J], j ≤ j , the set j∈ [J] :j ≤j≤j σ j is arcwise connected. The definition of the function l and the fact that l(
and thus (see Part  of the proof of Lemma )
For each j ∈ A, there areσ j ∈ K m  (S) with conv{h(v) : v ∈ σ j } ⊂ conv{y(w) : w ∈σ j } and
and Part  of the proof of Lemma ). Hence,
By the arcwise connectedness of the set E A there exists a continuous function g : 
By Lemma  the set is a connected and compact subset of S. By property (v) there is a point g ∈ : g n = /. Observe also that g ∈ and recall that g n = /. From (vii) we see
we may assume (extracting a subsequence if necessary)
By the upper semicontinuity of the compact-valued mapping ξ on the set S, y ∈ ξ (p). Now, since p ∈ S ⊂ int n , by assumption  on the mapping z and the definition of ξ we get
which, due to the inequalities y ≤  and p > , implies y = , and hence  ∈ ξ (p).
Let now the function w : that σ J is the first simplex with a vertex contained in {e  , . . . , e n- }. Obviously, by Lemma , 
Final remarks

An algorithm for finding a zero of an excess demand mapping
From the proof of Lemma  we obtain the following algorithm for finding approximate solutions to the equation y =  for y ∈ z(p), p ∈ int n , where z is an excess demand mapping.
Step Step 1: Determine the only vertex v ∈ T such that v = v and F ∪ {v} ∈ T. Go to Step 2. Step 1.
Let us emphasize once again that the proofs of Theorems  and  also contain descriptions of algorithms for finding the asserted objects, although we leave their detailed formulations to the reader.
Kakutani fixed point theorem and Gale-Debreu-Nikaido lemma
Suppose that F : n n is an upper semicontinuous nonempty convex and compactvalued mapping. Kakutani's fixed point theorem ensures that such a mapping possesses a fixed point [], p.. It is possible to derive Kakutani's theorem from our Theorem . To this end, for any fixed ε > , define the mapping
where 
Browder theorem
A bit on economics
Our findings in [] were well motivated by economics. However, it appears that our results have natural origins in economics. Indeed, Theorem  allows us to state that there exists an equilibrium for a pure exchange economy (where agents' excess demands are multivalued mappings), whereas Theorem  ensures the existence of equilibrium in an exchange economy with price rigidities ([], Chapter  or []). Even Sperner's lemma has an interesting economic/social implication; it enables us to deduce that there exists a fair division of a good (see, e.g., a nice introduction in []).
which, due to (), imply λ j -λ j = , j ∈ {i +, i +, . . . , n-} and γ j -γ j = , j ∈ {, , . . . , i-}, so
The last equation and () imply 
